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ABSTRACT We consider the problem of generating the efficient frontier (or Pareto set) between two
business goals in a pricing and revenue management context. We show that, under standard conditions on the
demand function, the efficient frontier between revenue and profit will be continuous, bounded, downward-
sloping and concave when pricing a single product. For the single-leg revenue management problem, we show
that the efficient frontier between any two goals that are linear in load, such as revenue, load factor and
operating contribution, can be efficiently generated using a weighted-sum (or scalarization) approach. We
give some numerical examples of the weighted sum approach applied to the discrete-time single leg revenue
management problem, as well as applied to an Expected Marginal Seat Revenue heuristic. We discuss
possible extensions to a general choice model and to a full network.
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BACKGROUND AND
INTRODUCTION

Despite the common characterization of a firm

as a short-run profit maximizer, managers often

care about goals other than pure short-run

profitability. There are at least two reasons for

this. One is that the pursuit of long-term

profitability might require sacrificing some

profitability in the short run. An example of

such behavior might be giving preferential

availability or pricing to customers considered

to have high life-time value, even if it means

foregoing some short-term profit. Another

example would be a company that prices low

upon entry into a new market in order to build

a base of customers with the belief that higher

market share can be translated into higher

margins sometime in the future. A second

reason that a company might deviate from

short-term profit maximization is that stock

analysts follow a number of metrics other than

profitability in judging a stock and may ‘punish’

the stock if some of these metrics suffer. Many

of these actions have been studied under the

general label of ‘earnings management’ in

which companies manage costs or sales in order

to meet analyst or ‘market’ expectations of

various sorts – even at the cost of short-run

profitability. As one example, an electronics

wholesaling firm sought to maximize profit

from a particular line of business subject to

the constraint that the average margin for that

line of business did not fall beyond a certain
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level. The rationale given by the CEO for that

constraint was that securities analysts scru-

tinized the average margin for that business

carefully and, ‘if they felt that we were buying

market share at the expense of margin, they

would downgrade our shares’.

When a company faces two competing

goals in a market it may use an efficient frontier

as a mechanism for visualizing the tradeoffs

between the two goals. An efficient frontier

represents the set of all undominated (or efficient)

combinations of two goals (or metrics) that a

firm could achieve. For example a firm might

be interested in the efficient frontier between

revenue and profit in a particular market. In this

case, a point on the efficient frontier would

represent a combination of revenue and profit

that (a) could be achieved by the firm under

some set of decisions and (b) is efficient in the

sense that there is no other achievable outcome

with both higher revenue and higher profit.

Visualizing the efficient frontier can help the

company make tradeoffs – if the efficient

frontier between revenue and profit is flat, then

the company can increase revenue substantially

with little effect on profit. If, on the other hand,

the efficient frontier is steeply declining, then

additional revenue can only be ‘purchased’

through substantial reductions in profit.

This article discusses the use and calculation

of efficient frontiers in pricing and revenue

management. We start by introducing the con-

cept of the efficient frontier and presenting

conditions under which it will be well behaved.

We then analyze the case of an efficient frontier

between revenue and profit in the case of a

single price being offered to a market. We then

consider the classic revenue management pro-

blem in which the underlying decisions are how

much availability to offer to different booking

classes over time. We first consider the problem

of calculating efficient frontiers in the dynamic

single-resource multi-class revenue management

problem. We show that a weighted-sum approach

will generate the stochastically undominated

outcomes on the efficient frontier. We intro-

duce a category of load-linear business goals that

includes revenue, profit, load and ‘customer

value’ and present a dynamic programming

approach that generates points on the efficient

frontier for any two load-linear goals. We then

present an approach to estimating the efficient

frontier using the Expected Marginal Seat

Revenue (EMSR) heuristic. Finally, we discuss

extensions to general consumer choice models

and to large multi-resource networks.

PREVIOUS WORK
The concept of the efficient frontier was intro-

duced by Markowitz (1959) to illustrate the

tradeoff between risk and return in a portfolio

of investment options. The efficient frontier

is still a standard tool in portfolio analysis.

Following its introduction in financial engi-

neering, the concept of the efficient frontier

has been used in a variety of business settings to

enable visualization of the tradeoffs between

competing business goals. Thomas et al (2005)

use an efficient frontier in the context of a

commercial lender setting prices to trade-off

market share and profit to illustrate that, if a

firm is pricing its loans ‘correctly’, increased

market share can only be purchased at the

expense of reduced profit. Other efficient

frontiers have been used to visualize tradeoffs

between fill rates and inventory levels in supply

chains (Lee and Billington, 1995), revenue and

revenue risk in bandwidth provisioning and

route selection in telecommunications net-

works (Mitra and Wang, 2005), revenue and

recreational quality in forest management (Tóth

et al, 2006) and in many other contexts. Multi-

criterion optimization and efficient frontiers

are widely used in economics (Luenberger,

1994), particularly in the theory of the firm

(Kumbhakar and Knox Lovell, 2000). Boyd

and Vandenberghe (2004) examine continuous

multi-dimensional efficient frontiers (which

they call optimal trade-off curves) in terms of

convex optimization.

The generation of an efficient frontier is

closely related to multi-objective programming

and the generation of Pareto frontiers in design

Phillips
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optimization.1 In particular, goal programming

(Charnes and Cooper, 1961; Lee, 1972])

enables the solution of models with lexico-

graphic objective functions. The approach that

we use in this article is the weighted sum

approach to multicriteria optimization first

proposed by Zadeh (1963). We note that this

approach goes by several different names in the

literature. For example, Geoffrion (1968) calls it

‘vector maximization’ and describes conditions

under which it generates points on the efficient

frontier. Boyd and Vandenberghe (2004) call

the same approach ‘scalarization’ and discuss its

applicability to generating efficient frontiers.

The weighted sum approach has been widely

used in multicriteria linear programming and is

a popular approach to multicriteria optimiza-

tion in design engineering (Das and Dennis,

1997; Koski, 1988).

To our knowledge, the first paper to address

the specific application of efficient frontiers to

revenue management is Levin et al (2008) who

calculate efficient frontiers between expected

revenue and the probability that revenue will be

above a certain minimum value. Walczak (2010)

proposed an approach to estimating points on

the efficient frontier between load and revenue

for a flight.2

THE EFFICIENT FRONTIER
Consider a set of business decisions represented

by a vector xARn where x could be either

continuous or discrete. We call a value of x a

policy and assume there is a region O, such that

xAO means that x is feasible. A policy x could

represent the prices for one or more products,

production levels, allocation of resources

among competing activities, booking limits on

a flights, and so on. Now consider two different

functions of x, V1(x) and V2(x), representing

two different goals. We establish the following

definitions:

1. The pair (V1(x), V 2(x))AR2 for xAO is

termed an outcome.

2. (V1(x), V 2(x))AR2 is an undominated (or

efficient) outcome if there exists no x 0AO such

that V1(x 0)4V1(x) and V 2(x 0)XV 2(x) or

V1(x 0)XV1(x) and V 2(x 0)4V 2(x).

3. xAO is an undominated (or efficient) policy if

its outcome is undominated.

4. The efficient frontier is the set of all

undominated outcomes.

We note that all definitions are with respect to

the functions V1(x) and V 2(x) and the feasible

policy space O. For some pair of objective

functions and a particular policy space, we

can denote the efficient frontier as a set

S(V1, V 2,O). In situations in which the context

is clear, we will suppress the dependence on V1,

V 2 and O and simply write S.

It is well known that points on the efficient

frontier can be generated by solving the opti-

mization problem:

x� ¼ arg max V 1ðxÞ
s:t:V 2 xð ÞXv2; x 2 O ð1Þ

In particular, assume that (v1, v2)A
S(V1, V 2,O). Then, it is clear that v1¼V1(x�)
where x� is the solution of Problem 1. Now,

assume that x� is the solution to (1) for some

value of v2 and let v̂¼V 2(x�). Then x� is also

the solution to problem (1) with the modified

constraint V 2(x)Xv̂ and (V1(x�), V 2(x�)) is

clearly on the efficient frontier.

As the numbering of the functions is arbi-

trary, the same result holds if the functions V1,

V 2 are switched in Problem (1). Note that the

point (V1(x�), v2) may not be on the efficient

frontier as it is not necessarily the outcome of

any feasible policy. Finally, we note that the

efficient frontier can also be considered as a

function F where v2¼F(v1) means that (v1, v2)

is an undominated outcome. The next sections

consider the question of when F is well

behaved. We first consider the case of the

efficient frontier between revenue and profit in

the case of a single continuous price. We then

consider the efficient frontier in the context of

the revenue management problem of setting

booking controls on a flight leg.

Efficient frontiers in revenue management
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THE EFFICIENT FRONTIER WITH
A SINGLE PRICE
To gain insight, we first consider the simplest

possible case: a single product being sold at a

single price with demand a deterministic

function of the price. We assume a continu-

ously differentiable demand curve d(p) and a

unit cost of cX0. We assume that the demand

curve is strictly decreasing, that is, d 0(p)o0.

The revenue associated with price p is

R(p)¼ pd(p) and the profit is P(p)¼ (p�c)

d(p). The hazard rate is defined as h(p)¼
�d 0(p)/d(p). Note that the hazard rate (also

known as the failure rate) is equal to the

elasticity divided by the price.

We are interested in the efficient frontier

between revenue and profit. The first lemma

provides a condition under which the efficient

frontier is well behaved.

Lemma 1: Let d(p)40 be a continuously

differentiable, strictly decreasing demand

function with strictly increasing hazard

rate, h(p). Then, there exist unique max-

imizers pR and pp of revenue and profit

respectively with pRopp.

Proof: Define s(p,x)¼ (p�x)d(p). Then, qs(p,x)/

qp¼ d(p)[1�h(p)(p�x)]. qs(p, x)/qp is strictly

decreasing in p from qs(p, x)/qp7p¼ x¼
d(x)40 with lim

p!1
qs p; xð Þ=qpo0. This limit

holds because h(p) is increasing and p is

increasing to infinity. Thus, for any x, there

exists a unique p�(x) such that qs(p�(x), x)/

qp¼ 0 and p�(x) is a maximizer as the sign of

qs(p, x)/qp changes from positive to negative

at p�(x). We note that p�(x)�x¼ 1/h[p�(x)].

Because the right side is strictly decreasing in

p�(x), it is easy to see that p�(x) must be strictly

increasing in x. Thus pRo pp. &

We note that the existence of a unique max-

imizer of revenue for demand functions with

increasing hazard rates is well known – see

Lariviere (2006) and the references therein.

We now show that revenue is decreasing

and profit is increasing for pA[pR, pp].

Lemma 2: The revenue function R(p)¼ pd(p)

is strictly decreasing in the interval pA
[pR, pp] and the profit function P(p)¼
(p�c)d(p) is strictly increasing in the same

interval.

Proof: Let A(pR, pp), then:

R
0

pð Þ ¼ d pð Þ 1� ph pð Þð Þ
od pð Þ

�
1� pRh pR

� ��
o0

where the first inequality follows from the fact

that h(p) is increasing and the second inequality

follows from the fact that pR¼ 1/h( pR). Similarly,

P0 pð Þ ¼ d pð Þ 1� ðp� cÞh pð Þð Þ
4d pð Þ 1� p� cð Þh ppð Þð Þ

4d pð Þ 1� p� cð Þ
pp � cð Þ

� �

40

where the first inequality follows from the fact

that h(p) is increasing and the second inequality

follows from the fact that h(pp)¼ 1/( pp�c)

and ppXc. &

With the results of these two lemmas, we can

fully characterize the efficient frontier.

Proposition 1: Under the conditions of

Lemma 1, the efficient frontier is the

set of ordered pairs S¼ {(R(p), P(p)):

pA[pR, pp]}.

Proof : We first show that there is no

pe[pR, pp] such that (R(p),P(p)) is on the

efficient frontier. By Lemma 1, pR is the global

maximizer of R(p) and pp is the global max-

imizer of (p) therefore R0(p)o0 and P0(p)o0

for p4pp, implying that (R(p), P(p)) is domi-

nated by (R(pp), P(pp)) for all p4pp. By a

similar argument, we must have R0(p)40 and

P0(p)40 for popR, implying that (R(p),P(p))

is dominated by (R(pR), P(pR)) for all popR.

Thus, (R(p), P(p)) is on the efficient frontier

only if pA[pR, pp]. To show that pA[pR, pp]

implies that (R(p), P(p)) is on the efficient

frontier, we first note that (R(pR),P(pR)) and

Phillips
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(R(pp),P(pp)) are clearly undominated and

hence on the efficient frontier. For pA[pR, pp],

by Lemma 2, R0(p) o0 and P0(p)40, therefore

(R(p),P(p)) cannot be dominated by any

(R(q),P (q)) with qA[pR, pp]. &

The implication of Proposition 1 is that,

under the conditions of Lemma 1, the efficient

frontier will show profit as a continuous,

downward sloping function of revenue in the

domain [R(pp), R(pR)]. An example is shown

in Figure 1 for the case of the linear demand

curve d(p)¼ (1000�10p)þ and cost c¼ $20. In

this case, pp¼ $60 and pR¼ $50. We note that

R(pp)¼ $24 000, R(pR)¼ $25 000, P(pR)¼
$15 000, and P(pp)¼ $16 000. Thus, the do-

main of the efficient frontier is [$24 000,

$25 000] and the range is [$15 000, $16 000].

As noted in the preceding section, the fact

that efficient frontier function is decreasing is a

consequence of its definition. It will hold for

any pair of objective functions and any policy

space. However, continuity and boundedness

of the efficient frontier require the stronger

assumptions.

The efficient frontier in Figure 1 is concave.

Concavity is a desirable property of an efficient

frontier. If the efficient frontier were not con-

cave, then the seller could improve both profit

and revenue by employing a mixed strategy of

charging price p1 to some fraction a of custo-

mers chosen randomly and some other price p2

to the remaining customers. As this behavior is

rarely if ever employed by companies with

mixed goals, it suggests that ‘real-world’ effi-

cient frontiers are concave. Let Rd(d ) represent

revenue as a function of demand. As the price-

response curve, d(p) is strictly downward

sloping, Rd(d ) is well defined for all d¼ d(p)

with p in the relevant range. Proposition 2 gives

conditions on the demand function under

which the efficient frontier is guaranteed to be

concave.

Proposition 2: If the demand function, d(p) is

continuous, differentiable and downward-

sloping and Rd(d ) is concave for all d such

that d¼ d(p) for some pA[pR, pp], then the

efficient frontier will be concave.

Proof: Let P(R) denote the profit corres-

ponding to revenue R. We can write P(R)¼
R�cd(R), where, with some abuse of notation,

d(R) denotes the demand corresponding to R.

Note that P00(R)¼�cd 00(R), thus a necessary

and sufficient condition for the efficient fron-

tier to be concave is that d 00(R)X0. Taking the

second derivative using the Implicit Func-

tion Theorem, we find that d 00(R)¼�Rd
00(d)/

[Rd
0(d)]3. However, as P0(R)¼ 1�cd 0(R)o0 we

must have that d 0(R)40 and, hence Rd
0(d)4

0. This implies that a necessary and sufficient

condition for concavity is that Rd
00(d)o0. &

Some discussion of the concavity condition on

Rd(d ) and its relationship with other common

demand function assumptions in revenue

Figure 1: Efficient frontier with revenue and profit for linear demand example described in the text.

Efficient frontiers in revenue management
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management increasing hazard rate and con-

cavity of the revenue function with respect to

price can be found in Ziya et al (2004).

In the case of a single price, estimating the

efficient frontier is straightforward: determine

pR and pp after which points on the frontier can

be calculated as pairs (R(p),P(p)) for any price

p between pR and pp. We note that, in the case

of a seller offering a single product at a single

price, the frontier is not only efficient, it

uniquely describes the attainable revenue and

profit pairs – that is, points inside the efficient

frontier are not attainable. As a seller offers

multiple products at multiple prices through

multiple channels, possibly with complex busi-

ness constraints that link them, interior points

will become feasible and the efficient frontier

becomes the boundary of a set and, hence,

much more difficult to compute. A number of

pricing optimization providers such as Nomis

Solutions and others provide the capability for a

user to view the ‘efficient frontier’ for a parti-

cular set of market conditions (Britting, 2006).

With this general background, we can now

consider the problem of computing an efficient

frontier for a constrained resource being sold

with many different prices – in other words,

efficient frontiers in revenue management.

CALCULATING THE EFFICIENT
FRONTIER FOR A SINGLE
RESOURCE
In the single-resource revenue management

problem, a perishable product with constrained

capacity can be sold at a number of different

prices to different buyers differentiated by time

of booking, geography, and so on. The amount

of product available to buyers in different seg-

ments at any moment can be controlled by the

seller. In the ‘classical’ revenue management

problem, there are a set of booking classes, each

with an associated fixed price, and the seller

determines how much product to offer at each

price at each time to each customer segment.

Given that the seller does not know how many

customers for each booking class will arrive in

the future, he needs to make his decisions under

uncertainty. Discussions of the revenue man-

agement problem and approaches used to solve

it can be found in Talluri and van Ryzin (2005)

and Phillips (2005).

We consider the dynamic single-resource

revenue management problem with n booking

classes, indexed from 1 to n. Booking requests

occur over time periods t¼ 1, 2,y, T with T

being the time of departure. A booking request

for fare class i occurs at in time period t with

probability pit and no booking request occurs

with probability p0t. We assume that the prob-

ability of more than one booking request in a

period is negligibly small, so that, for all t,

p0tþ p1tþ?þ pnt¼ 1. Let fi denote the fare

for class i. We assume that fares are ordered so

that f14f24?4fn and that there are no

no-shows or cancellations. The decision facing

the revenue manager is which booking requests

to accept and which to reject in each time

period. This is a standard model for dynamic

single-resource revenue management formu-

lated originally by Lee and Hersh (1993).

Common business goals that a manager

might pursue for a particular flight include

maximizing expected revenue, maximizing

expected profit and maximizing expected load

factor.3 Revenue, profit and load factor share

the property that they are weighted functions of

the loads in each booking class, that is, for a

particular flight, they can be calculated as wTx,

where xARn is the vector of the loads in each

booking class and wARn is a vector of weights.

We call any business goal that can be calculated

as a weighted sum of expected loads a load-linear

goal. We note that for any load-linear goal,

E[wTx]¼wTE[x]. The weightings correspond-

ing to the three goals of maximizing revenue,

maximizing profit and maximizing load are:

wR
i ¼ fi; wP

i ¼ fi � ci; wL
i ¼ 1

where the superscript R denotes ‘revenue’,

P denotes ‘profit’ and L denotes ‘load’.

We note that the class of load-linear goals

does not include all performance measures that

Phillips
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might be of managerial interest. For example, it

does not include the probability that revenue

will exceed a specified threshold – one of

the goals considered by Levin et al (2008).

However, the class of load-linear goals does

include other measures that can be of manage-

rial interest. For example, an airline might wish

to maximize the total ‘lifetime value’ of book-

ings on a flight where the lifetime value of a

customer may differ from both his fare and his

incremental profit. An efficient frontier could

be used to help understand the tradeoff between

maximizing expected total lifetime value and

maximizing expected revenue or profit from a

given flight. Minimizing total expected incre-

mental passenger cost for a flight is also a load-

linear goal.

Let w A¼ (w1
A, w2

A,y, wn
A)T be the weight-

ing vector for some load-linear goal. Then,

the Bellman equation to maximize E [wTx] is:

V A
t sð Þ ¼ V A

tþ1 sð Þ þmax
uit

Xn

i¼1

pitu
A
it wA

i � DA
tþ1 sð Þ

� �
ð2Þ

The state variable sX0 is the number of

remaining unbooked seats and Dtþ 1
A (s)¼

Vtþ 1
A (s)�Vtþ 1

A (s�1). uit
AA{0, 1} are the con-

trols for each period such that a booking request

of type i in period t is accepted if uit
A¼ 1 and

rejected if uit
A¼ 0. The boundary conditions

are:

V A
Tþ1 sð Þ ¼ 0; s ¼ 0; 1; . . . ;C

V A
t 0ð Þ ¼ 0; t ¼ 1; . . . ;T

where C40 is the initial capacity. Under any

of the three pure objective functions, the goal

is to find the feasible policy YAO that max-

imizes V1
A(C) for A¼R, P or L, where a policy

consists of a set of values uit
A(s)A{0, 1}

for i¼ 1, 2,y, n; T¼ 1, 2,y, T; and s¼ 0, 1, 2,

y, C and O denotes the set of feasible policies.

Now, assume that we wish to calculate points

on the efficient frontier for two load-linear

goals – for concreteness, let us assume that we

wish to calculate the efficient frontier between

revenue and load. Note that the efficient

frontier is now discrete as the underlying policy

space is discrete. One possibility is to sequen-

tially solve a set of constrained dynamic pro-

gramming problems of the form:

Y� ¼ arg max
Y2O

V R Yð Þ
� �

ð3Þ

subject to V L Yð ÞX‘; Y 2 O

where c specifies the minimum expected load

factor and V L(Y) and V R(Y) are the expected

load factor and revenue respectively that will be

achieved over the entire time horizon given

policy Y. Then, as noted in the Section

‘The Efficient Frontier’, the efficient frontier

S(V R, V L,O) is the set of all outcomes

(V R(Y�), V L(Y�)) for Y� that solve problem

(3) for all achievable values of c.

We note that the efficient frontier function

vL¼F(vR) defined by S is discrete and, as with

all efficient frontiers, downward sloping.

However, it may not be concave. Consider a

three-class example with three periods before

departure and one seat currently unbooked. We

assume that here is a possibility of, at most, one

booking in each period and the booking

probabilities and fares are as shown in Table 1.

The points on the efficient frontier (vR, vL) for

this example are:

K ($100, 1) – achieved by opening class 2 in

period 1,

Table 1: Fares and booking request probabilities for the

example discussed in the text

Booking class Fare Probability of

booking request

Period 1 Period 2 Period 3

1 $500 0 0 0.4

2 $100 1 0 0

3 $70 0 0.5 0

No booking request 0 0.5 0.6

Efficient frontiers in revenue management
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K ($135, 0.7) – achieved by opening classes 1

and 3 but keeping class 2 closed.

K ($200, 0.4) – achieved by only opening

class 1.

We note that the frontier in this case is not

concave as, starting at an expected load factor

of 1, increasing expected revenue by $35 re-

quires a reduction of 0.3 in expected load

factor, while an additional $65 can be achieved

from a second reduction of 0.3.

This counterexample notwithstanding, both

computational experience and intuition suggest

that the efficient frontier in most real-world

examples should be concave. Otherwise, as

noted before, airlines could achieve efficient

results by using mixed strategies. It is tempting

to conjecture that the efficient frontier for

load-linear goals is concave in the limit as time

goes to infinity.

The weighted sum approach
Define wi

AB(a)¼ awi
Aþ (1�a)wi

B with 0pap1

as a weighted sum coefficient. For the goals of

revenue, load and profit, we have three possible

weighted sum coefficient vectors:

wRL
i að Þ ¼ awR

i þ ð1� aÞwL
i ¼ a fi � 1ð Þ þ 1

wRP
i að Þ ¼ awR

i þ ð1� aÞwP
i ¼ fi þ 1� að Þci

wPL
i að Þ ¼ awP

i þ ð1� aÞwL
i ¼ a fi � ci � 1ð Þ þ 1

The weighted sum objective function for any pair

of goals, A and B is [wAB(a)]Tx. We note that,

if A and B are load-linear objective functions,

then the weighted-sum objective function

combining A and B will also be load-linear. For

any combination of two policies and any value

of a, we set up the dynamic program to

maximize the corresponding weighted-sum

objective function in the obvious way:

V AB
t sð Þ ¼ V AB

tþ1 sð Þ þ max
uit2f0;1g

Xn

i¼1

pituit

� wAB
i ðaÞ � DAB

tþ1 sð Þ
� �

ð4Þ

V AB
Tþ1 sð Þ ¼ 0; s ¼ 0; 1; . . . ;C

V AB
t 0ð Þ ¼ 0; t ¼ 1; . . . ;T

There are two questions that we can ask

about the dynamic program specified in (4).

First, does it generate points on the efficient

frontier? Secondly if it does, will it generate

every point on the efficient frontier for some

value of a?

To answer these questions, we establish some

notation. For any policy YAO, V k(Y) is the

corresponding objective function value for

goal k. As before, the outcome of a policy

is the two-vector (V1(Y), V 2(Y)). We say

that an outcome (v1, v2)AR2 is achievable

if there is some policy YAO such that

(V1(Y), V2(Y))¼ (v1, v2). In addition, we say

that an outcome vAR2 is stochastically achievable

if there is a value aA[0, 1] such that n¼
an(Yi)þ (1�a)n(Yj) for some Yi, YjAO. We

note that a stochastically achievable outcome v

can be achieved in expectation by choosing

policy Yi with probability a and choosing

policy Yj with probability 1�a. Let S be the

set of outcomes on the efficient frontier and

let Z be the set of all undominated stochastically

achievable outcomes – that is the set of stochasti-

cally achievable outcomes that are not domi-

nated by some other stochastically achievable

outcome. We define the set T¼ S-Z as the

set of deterministic outcomes that are not

dominated by any stochastically achievable

outcome. If the efficient frontier function is

concave, then T¼ S, if the efficient frontier

function is continuous and concave then

T¼ S¼Z. Finally, we define U as the set of

outcomes that are achievable by maximizing

a weighted sum objective function for some

value of a. That is,

U ¼ f v1 Yð Þ; v2 Yð Þ
� �

jY

¼ max
Y2O

av1 Yð Þ þ 1� að Þv2 Yð Þ
� �

; a 2 0; 1½ �g

The following result shows that the set

of outcomes from maximizing weighted sum

Phillips
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objective functions is equal to the set of

(stochastically) undominated deterministic out-

comes.

Proposition 3: If no three points in T are

co-linear, then U¼T.

Proof: Theorem 1 in Geoffrion (1968) shows

that UDT We now show that TDU. For any

point (vi
1, vi

2)AT, define the function g by

vi
2¼ g(vi

1). Note that the function g is concave

by the fact that each point in T is stochastically

undominated. By the definition of concavity,

there must be a line, say v2¼ bi�miv
1 through

(vi
1,vi

2) such that bi�mivj
14vj

2, with miX0 for

all jai. The strict inequality is justified by

the assumption that no three points in T are

co-linear. We note that:

mi

ðmi þ 1Þ v
1
i þ

1

ðmi þ 1Þ v
2
i ¼

bi

mi þ 1ð Þ

4
mi

ðmi þ 1Þ v
1
j þ

1

ðmi þ 1Þ v
2
j

for all jai. Thus, (vi
1, vi

2)¼U(a) for a¼
mi/(miþ 1). &

The implications of Proposition 3 are illustrated

in Figure 2. Essentially, the weighted-sum

approach generates all of the points on the

‘convex hull’ of the upper-right boundary of

the feasible region. Points on the efficient

frontier that are not on this hull – such as

point C in Figure 2 – are stochastically domi-

nated and will not be generated by the weighted

sum approach. This phenomenon is also noted

by Boyd and Vandenberghe (2004). Finally,

note that the requirement that no three points

on the efficient frontier be co-linear is strictly a

technical one. If three points on the efficient

frontier are co-linear, then for one of them,

there is a single value of a for which that point

will give the weighted-sum objective value as

the other two, but there is no guarantee that the

solution algorithm will recommend the policy

that generates that point rather than one of the

other two.

Corollary If the efficient frontier function is

concave, then the weighted-sum approach

will generate all points on the efficient

frontier.

We note that Proposition 3 and its corollary

are completely general. They do not require

any of the specific properties of the load-linear

goals – in particular, they do not require

linearity. However, load-linear goals have one

desirable property – the optimal policies for all

load-linear goals are nested, that is, in each state

at each time, if it is optimal to have a class i open

then it is optimal to have all classes with

wj
A(a)Xwi

A(a) open and if it is optimal to have

class I closed it is optimal to have all classes with

wj
A(a)pwi

A(a) also closed. As the weighted-

sum objective function preserves load-linearity,

this property is also true of the weighted-sum

dynamic program in (4). The nesting property

drastically reduces the space of possible policies

and enables much more efficient computation.

Numerical example
Consider the case of a flight with three booking

classes with associated fares f1¼ $1000, f2¼
$750 and f3¼ $150. We assume that demand

Figure 2: Points on a hypothetical efficient frontier.

Points C and E are on the efficient frontier. However,

neither one would be generated by the weighted sum

approach because point C is stochastically dominated by

the combination of points B and D and point E is

stochastically dominated by the combination of points D

and F.

Efficient frontiers in revenue management
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arrives independently over 300 periods with at

most one booking request per period. The

probability of a request for a booking in each

class in each period is shown in Table 2 along

with the mean and variance of total bookings

in each class. The expected total number of

bookings across all classes is 30 with a variance

of 27. Note that while high-fare bookings tend

to arrive later, this example does not assume a

strict booking order.

Table 3 shows the revenues and load factors

achieved for different values of a calculated

using the weighted-sum dynamic programming

approach for capacities of 10, 20 and 30. As

a practical matter, all of the fares were divided

by $1000 before calculation, so that the

weighted sum value used for a booking request

with fare fi is afi/1000þ 1�a. Figure 3 shows

the efficient frontiers between load factor and

revenue for the three capacity levels.

Note that the efficient frontier in Figure 3 is

quite flat when capacity is close to the mean

demand (C¼ 30). In this case, additional load

factor can be purchased relatively cheaply by

increasing the bookings from early booking

low-fare demand with little effect on expected

revenue from later-booking high fares. When

capacity is quite scarce relative to demand

(C¼ 10), revenue is initially quite flat, but drops

off very steeply. In this case, some additional

Table 2: Booking probabilities by class and period for the dynamic example described in the text

Period range Booking probability in each period

No booking (p0) Class 1 booking (p1) Class 2 booking (p2) Class 3 booking (p3)

1–100 0.9 0.0027 0.0243 0.073

101–200 0.9 0.0095 0.0905 0

201–300 0.9 0.1 0 0

Mean 11.22 11.48 7.29

Variance 10.21 10.60 6.79

Table 3: Expected revenue and expected load factor as a function of a for three different capacity levels for the dynamic

example discussed in the text

a c=10 c=20 c=30

Revenue Load factor Revenue Load factor Revenue Load factor

1 $9401.51 9.64 $16 680.04 19.11 $19 931.70 25.16

0.9 $9400.57 9.66 $16 679.55 19.13 $19 878.38 26.25

0.8 $9397.97 9.68 $16 678.53 19.13 $19 768.85 26.87

0.7 $9362.93 9.78 $16 657.94 19.19 $19 631.82 27.29

0.6 $9343.80 9.81 $16 649.90 19.21 $19 487.71 27.56

0.5 $9329.09 9.83 $16 624.96 19.23 $19 352.50 27.73

0.4 $9254.01 9.89 $16 488.72 19.34 $19 222.83 27.83

0.3 $9192.53 9.92 $16 200.66 19.49 $19 124.15 27.88

0.2 $9116.15 9.94 $15 662.68 19.66 $19 051.65 27.90

0.1 $8690.92 9.97 $14 547.23 19.86 $18 982.09 27.92

0 $3675.11 10 $11 203.68 19.96 $18 853.15 27.93
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by leaving the relatively high ‘middle fare’ of

$750 open a bit longer. However, reaching the

highest expected load requires a drastic loss in

expected revenue as it requires leaving all seats

open to the lowest fare bookings of $150 in

every period. The intermediate capacity case

(C¼ 20) has a relatively high cost of additional

load factor across the board.

We note that one endpoint of the efficient

frontier between load factor and revenue is the

maximum expected revenue achievable on the

flight and that the other endpoint is the ex-

pected revenue from a policy of ‘first come, first

served’. The value of revenue management is

the difference between these two values, that is,

V R(1)�V R(0). Note that this measure is very

similar to the ‘Revenue Opportunity Model’

(ROM) for measuring revenue management

effectiveness introduced by Smith et al (1992)

and described in Chapter 7 of Phillips (2005).

For the three capacity levels shown in Table 2,

that value is $5726.40 for C¼ 10; $5476.36

for C¼ 20; and $1078.55 for C¼ 30. As ex-

pected, the expected value of revenue manage-

ment decreases as capacity increases. However,

it is notable that small increases in load factor

can be purchased more cheaply in the case in

which C¼ 10 than in the case when C¼ 20,

even though the expected value of revenue

management is higher. This suggests that the

curvature of the efficient frontier – not just the

endpoints – should be important to manage-

ment in choosing which flights to manage in

which fashion.

An EMSR-based heuristic
Although the dynamic-programming-based

approach using load-linear goals enables exact

computation of points on the efficient frontier,

it suffers from the ‘curse of dimensionality’ and

would be difficult to compute on a routine

basis. In fact, it is not commonplace for airlines

to use the dynamic program with the Bellman

Equation in equation (2) for the same reason –

it is simply too complex and time-consuming to

run on a routine basis for every flight. Instead,

many airlines use some version of the EMSR

heuristic introduced by Belobaba (1989). For-

tunately, we can combine the weighted goal

approach with EMSR by defining a-weighted

goals as below.

Profit and Revenue: wi
RP(a)¼ fi�aci

Revenue and Load: wi
RL(a)¼ a(fi�1)þ 1

Profit and Load: wi
PL(a)¼ a(fi�ci�1)þ 1

When a¼ 1, the EMSR heuristic will set

booking limits based on the first goal, when

a¼ 0 it will set booking limits based on the

second goal, for intermediate values of a, it

will set booking limits based on the weighted

Figure 3: Efficient frontiers between load factor and total revenue computed using the weighted-sum approach. Efficient

frontiers are shown for capacity levels (C) of 10, 20 and 30. For details on the demand and fare assumptions, see the text.

Efficient frontiers in revenue management
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average of the two goals. The efficient frontier

can be traced by determining the booking limits

for different values of a, and using simulation to

calculate the expected revenue.

We illustrate the approach with an example

based on an aircraft with a capacity of 100 seats

and four fare classes with fares as shown in

Table 4. Bookings occur in strict fare order –

that is all class 4 bookings occur before all

class 3 bookings which occur before all class 2

bookings and so on. We assume that the

demands for the individual classes are indepen-

dent normal distributions. We consider the two

demand cases shown in Table 4. Case 1 is

adapted from Talluri and van Ryzin (2005),

Table 2 . Case 2 uses the same fares as Case 1

and has the same level of mean total demand,

but has more of the total demand concentrated

in the lowest fare class.

For both cases, we calculate the efficient

frontier between revenue and load factor. To

do this, we first normalize by dividing all of the

fares by the lowest fare ($520). The resulting

normalized fares are (1, 1.34, 1.83, 2.02).

Table 5 shows the values of vi(a), the protection

levels for different values of a, and the corre-

sponding expected revenues and expected load

factors in Case 1. (The protection level for class

4 is always 0 and is not shown). Note that, as a
increases from 0, the values of vi(a) converge

toward 1 and the protection levels converge

toward 0. Under the policy of load-factor

maximization (a¼ 1), ‘First Come, First

Served’ is the optimal policy and there is no

incentive to protect seats for late booking

customers. However, whenever revenue is po-

sitively weighted, there is more of an incentive

to protect seats for late booking customers.

Table 6 shows the results for Case 2 and

Figure 4 illustrates the efficient frontier between

expected load factor and expected revenue for

both cases. For both cases, the efficient frontier

is highly concave – that is, initial increases in

load factor can be achieved relatively cheaply in

terms of forgone revenue but, at some point

in each case, marginal increases in load factor

become increasingly expensive in terms of

revenue foregone. Thus, in Case 2, it costs less

than $1000 to increase expected load factor

Table 4: Fares and means and standard deviations of

demand by class for the two example cases described in

the text

Class Fare Case 1 Case 2

mi di mi di

1 $1050 17.3 5.8 15 5.8

2 950 45.1 15.0 22 15.0

3 699 39.6 13.2 29 13.2

4 520 34.0 11.3 70 35.0

Total 136 23.7 136 40.7

Table 5: Weighted-sum objective coefficients, protection levels, expected load factor and expected revenue for Case 1 as

described in the text

a vi(a) by Class Protection levels by class LF Revenue

1 2 3 4 1 2 3

0 2.02 1.83 1.34 1.00 9.7 53.3 96.8 0.93 $79 649

0.2 1.82 1.66 1.28 1.00 9.3 51.6 94.0 0.95 $79 520

0.4 1.61 1.50 1.21 1.00 8.8 49.5 90.3 0.96 $79 181

0.6 1.41 1.33 1.14 1.00 8.0 46.3 85.4 0.97 $78 428

0.8 1.20 1.17 1.07 1.00 6.3 41.0 77.4 0.99 $74 874

0.95 1.05 1.04 1.02 1.00 3.6 31.0 63.6 0.99 $71 327

1.0 1.00 1.00 1.00 1.00 0 0 0 0.99 $70 133
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from 92 to 95 per cent. But increasing from

95 to 96.3 per cent costs almost $7000 in lost

revenue.

CONCLUSIONS AND
DISCUSSION
This article discussed the computation of

the efficient frontier for pricing and revenue

management decisions. It provided straightfor-

ward conditions under which the efficient

frontier for a single product price will be a

downward-sloping, continuous, concave func-

tion defined on an interval. The article also

discussed the use of the weighted-sum approach

for the dynamic single-resource problem and

showed that the approach would generate the

stochastically undominated points on the effi-

cient frontier. However, solving the weighted-

sum dynamic program to determine a point on

the efficient frontier is of the same order of

difficulty as solving the revenue maximization

(or profit maximization) dynamic program. A

more tractable approach is to use the hybrid

objective function within the standard EMSR

setting to determine the corresponding protec-

tion levels after which simulation can be used to

determine the points on the efficient frontier.

To the extent that an airline uses an EMSR

heuristic to calculate protection limits, then the

EMSR-based approach to calculating the effi-

cient frontier should give a better view of the

tradeoffs that it faces than using a dynamic

approach.

Table 6: Weighted-sum objective coefficients, protection levels, expected load factor and expected revenue for Case 2 as

described in the text

a vi(a) by class Protection levels by class LF Revenue

1 2 3 4 1 2 3

0 2.02 1.83 1.34 1.00 7.4 28.3 60.6 0.92 $66 477

0.2 1.82 1.66 1.28 1.00 7.0 26.7 57.7 0.93 $66 367

0.4 1.61 1.50 1.21 1.00 6.5 24.5 54.1 0.94 $66 096

0.6 1.41 1.33 1.14 1.00 5.7 21.3 49.1 0.95 $65 507

0.8 1.20 1.17 1.07 1.00 4.3 15.9 41.1 0.96 $62 666

0.95 1.05 1.04 1.02 1.00 1.3 6.0 27.4 0.96 $60 371

1.0 1.00 1.00 1.00 1.00 0 0 0 0.96 $58 595
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$60,000
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$70,000

$75,000

$80,000
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Figure 4: Efficient frontiers between load factor and revenue for Case 1 and Case 2 described in the text.
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Numerical experiments show that individual

flights can demonstrate very different revenue/

load factor tradeoffs depending upon their

fare structures, demand distribution among

booking classes and capacity levels. An airline

that wished to maximize profitability but main-

tain a certain level of total load or load factor

would do well to search for those flights on

which additional load can be ‘bought’ with

only slight reductions in profitability.

The approach has been proposed and devel-

oped in a single-leg context with independent

booking classes. In principle, the weighted

sum approach could be applied to the standard

Bellman equation for a network so that equa-

tion (2) would be replaced with:

V AB
t xð Þ ¼ max

uit

Xn

i¼1

pituit wAB
i að Þ

��
;

þV AB
tþ1 x� Aið Þ

�
þ ð1� pituitÞV AB

tþ1 xð Þ
	

where x is a vector of remaining leg capacities

and Ai is the column of the incidence matrix

specifying which legs are used by product i.

Proposition 3 implies that solving this dynamic

program with different values of a would gen-

erate the stochastically undominated outcomes

on the efficient frontier. However, although this

formulation has been widely studied (Talluri

and van Ryzin, 2005), it remains a formidable

challenge to solve for realistic networks.

A second challenge is determining the effi-

cient frontier when booking class demands are

not independent. The use of a consumer choice

model does not change the Bellman equation

(2), but it makes the problem much harder to

solve because the booking classes are not neces-

sarily nested in fare order. However, many

airlines use various modifications of the EMSR

heuristic to incorporate consumer ‘buy-up’ and

‘dilution’ behaviors as described in Belobaba

and Weatherford (2007) and Gallego et al

(2009). The method of the Section ‘An

EMSR-based heuristic’ would generally be

applicable to these modified EMSR heuristics.
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NOTES

1 The terms ‘efficient frontier’, ‘Pareto fron-

tier’ and ‘Pareto set’ are often used inter-

changeably in the literature.

2 It should be noted that the term ‘efficient

frontier’ has been used in the revenue man-

agement literature to denote the undomi-

nated combinations of total expected

demand and total expected revenue that

could be achieved from different combina-

tions of choice sets. This use of the term

‘efficient frontier’ – which is different from

ours – was introduced by Talluri and van

Ryzin (2004) and used in this sense in some

other papers dealing with choice modeling

such as Maglaras (2006).

3 Load factor is defined as the number of

passengers carried on a flight departure (the

load ) divided by the capacity of the flight. It is

a commonly used metric in the passenger

airline industry.
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